The focus of this paper is on adaptive control of maneuvering rigid bodies in the presence of friction. The paper describes a simple technique which include Pulse Amplitude and Pulse Width modulation to progressively move the system to the desired final position. To account for uncertainty in estimated friction coefficients and approximated system model, an adaptation algorithm is necessary to accurately track the desired position. The proposed technique is suited for discrete time implementation and is illustrated on a rest-to-rest maneuver. The proposed technique is shown to considerably reduce the steady state error which exists in previously proposed Pulse Width controllers.
Introduction
Friction is a phenomenon which is ubiquitous. It is desirable in applications such as tires, clutches, brakes etc. and is a challenging problem when precise position control is desired. In control systems, the presence of friction can result in undesirable behavior such as limit cycling and steady state errors. It is therefore necessary that the phenomenon of friction has to be well understood, and compensated for. There exist numerous models for friction spanning the range from the simple Coulomb model [l] to the comprehensive LundGrenoble model [Z] which accounts for effects such as stiction, Stribeck effect and hysteresis. The model which is selected for the design of controllers is application dependent. Friedland the estimate in a feedforward control to cancel the effects of friction. Recently, Liao and Chien 141 modified the adaptive estimation algorithm for tracking control systems to ensure that the tracking error and the parameter errors converge to zero exponentially, in the presence of persistent excitation.
One of the more novel approaches for precise p e sitioning using an adaptive Pulse Width Control (PWC) has been proposed by Yang and Tomizuka [5] . They consider a laboratory positioning table and study the effect of applying a pulse input on the displacement of the system subject to friction. They arrive at a closed form solution for the total displacement in the presence of Coulomb friction and show it to be a quadratic function of the pulse width. Next, they derive a closed form expression for the displacement as a function of the pulse width, including viscous friction and approximate it to make it compatible with their adaptation algorithm. When their algorithm is implemented in a discrete time environment, the discrepancy between the required pulse width and the pulse width permitted by sampled data system results in limit cycling of the closed loop response.
In this paper the technique proposed by Yang and Tomizuka 151 is modified to require the pulse width to be coincident with an integer multiple of the sampling interval. Simultaneously, the pulse amplitude is calculated to achieve the desired final displacement. An adaptation algorithm is an integral part of the proposed work. Unlike the approach proposed by Yang and Tomizuka where one parameter, which is a function of the friction coefficient, system mass and permitted pulse amplitude is estimated, the new algorithm also estimates the coefficient of Coulomb friction. i:
(1)
If the system described in Eq. (l) , is driven by a single pulse with pulse height f p and pulse width tp, the closed form expressions for the displacement for the model with and without viscous damping are:
Assuming that the displacement is small, it was shown 151 that viscous damping can he neglected compared to the Coulomb friction. Thus, Eq. (2) is a reasonable approximation for small displacements which i s linearly proportional to the square of the pulse width. The coefficient of the term tg is represented by one parameter b, with b 2 0. The final expression for the displacement is given as:
Since the direction of the displacement must be equal to the sign of fp, Eq.(4) includes s i g n ( f p ) .
A d a p t a t i o n Algorithm
The control scheme that is presented for the system has two components. The first one is a simple feedback controller used in conjunction with a feedforward controller to compensate for Coulomb friction force. An estimate for the Coulomb friction parameter is obtained through experiments. This controller is used to move the system from its initial position to the vicinity of the desired position. Once the system sticks within an error tolerance area around the reference position, the controller switches from feedback control to the second component, the PWC. The feedback controller must be designed in such a way that the maximum steady state error is smaller than a predefined error tolerance.
The input of the PWC is the error e between the desired position and the current position z,,f -z and is used to calculate the pulse width. In [5] two equations for up are derived to accomplish the above. The first set of equations are:
The second expression for up is found by defining the feedback control law to be:
Using Eq. (7) and Eq.(9), the expression for t p ( k )
is given by:
I
In Eq.(9), Kc is a control parameter with 0 < K, < 2 for stability reasons. k stands for the kth pulse and should not be mistaken with the sampling time. [5] presents multiple ways to estimate 6 and 1/6, this paper only presents the self tuning regulator approach for estimating 6. The adaptation algorithm is given by the equations: The adaptation algorithm results in pulse widths that can take any positive value. However, in a discrete time system, the pulse width will aut@ matically be rounded to the smallest integer number of the sampling time larger than the calculated pulse width. This is caused by the D/A converter that is assumed to be Zero Order Hold (ZOH). In this way, the calculated pulse is not the real input pulse on the system. In [5] it is assumed that the pulse widths are relatively small, so that the pulse width calculated using Eq.(4) results in the desired displacement. However, when the required displacement increases, the approximation for the displacement described in Eq.(4) for systems with viscous damping, is not accurate anymore. The impact of the value of b on the final displacement of the PWC, when the required motion is large, needs to be studied.
3 Adaptive P A P W C In this section, the influence of relatively large displacements on the estimation of 6 is studied. Next, the original PWC algorithm is modified, such that only an integer number of the sampling time is used to describe the pulse width. The consequences of this on the algorithm will be analyzed. Figure 1 illustrates the displacement as a function of the pulse width tp. 
Motivation for Adaptation
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The estimated 6 will not converge to the theoretical b, rather, the adaptation algorithm will estimate the 6 in such a way, that only one pulse is needed to move the system from its initial position to the desired position.
If for some reason the system is not at the reference position after this first pulse, more pulses have to be used. The pulse widths of these subsequent pulses result in the overshoot of the system response. If for example, the residual error is 2.0 mm, the dash-dotted line will correspond to a pulse width of 41 ms, while the real pulse width should be 36 ms. With the t, calculated from the dash-dotted line, the true displacement is 2.5 mm instead of the desired 2.0 mm and thus overshoot occurs.
As the residual error decreases with subsequent pulses, the difference between the estimated and real displacement ( 6 : ) is small resulting in minimal adaptation of 6. For a finite tp,mazr the difference between b and b is smaller than without limits on the pulse width, resulting in a better estimation of the displacement.
Thus, the adaptation algorithm estimates 6 more precisely, and overshoot is less likely to occur. A drawback of introducing a maximum pulse width is that the system takes longer to reach the final position.
Adaptive PAPWC
The idea behind adaptive PAPWC is that the pulse width resulting from Eq.(4) should be transformed to be equal to an integer time the sampling time (nT), so that it can be implemented in a discrete time system. Since the desired displacement remains the same with PAPWC as with PWC, altering the pulse width results in an adjustment of the pulse amplitude BS well; pulse amplitude and pulse widt,h are the only free design parameters for the pulse shape. This is the starting point for the modification, proposed in this section. The pulse width needs to be rounded to the higher integer multiple of T , i.e. T, = nT >_ t, , so that the corresponding pulse amplitude is smaller than or equal to the maximum permitted pulse amplitude fp. The displacement in Eq. (4) 
U , d and E in Eq. (17)- (21) have the same interpretation as up, d and E! respectively, in Eq.(11)-(13).
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In 161 K is described as the time-varying gain vector and P as the inverse correlation matrix. The X in the algorithm represents the forgetting factor. Generally the forgetting factor is selected to be smaller than and close to 1 if old data is to be 'forgotten' and is set to 1 if all data is to be equally weighted.
For the initiation of the adaptation algorithm, initial conditions for P(O), A l ( 0 ) and &(0) are required. Al(0) and &(O) should be chosen as accurately as possible and the inverse covariance matrix P(0) is set to P(0) = F ' I . 6 should be large if the sensors are noisy and can be small otherwise.
Numerical Simulations
For the system shown in Figure 2 , with parameters listed in Table 1 , the proposed algorithm is simulated and compared to the adaptive PWC. In 
I 1
-. t i * overshoot continues to exist. This is caused by a minimum possible displacement due to a minimum pulse width of one sample time. The theoretical minimum displacement can be found using
mtn dmin is equal t o the maximum final error. If the PWC isn't stopped after the error becomes smaller than &in, a limit cycle around the reference position is the result. In the second plot of Figure 3 , the overshoot for tp,mal: = 03 is larger than the displacement given by Eq.(23). This is caused by the fact that the pulse width now is ZT, which is a result of the poor estimate for b. The minimum displacement with adaptive PA-PWC is given by:
and is caused by stiction. When the calculated pulse amplitude becomes smaller than the stiction, the mass simply doesn't move.
To compare the two presented minimum displacements, their values have been calculated using Table l. PWC results in a &in of l.9ec4m, while PAPWC has a dmin of 1.3ec5m. In the second plot of Figure 4 for tp,mas = m, one can note that theoretically only one pulse is needed to get the system very close to zero error. The final error from the first pulse will practically never be zero, since a second pulse which needs t o move the system by a small amount will marginally modify 6 such that in the next iteration, the first pulse cannot satisfy the desired motion. The pulse se-_L.
-.. bounded pulse width control sequence, needs two pulses to reach the reference position, while the input with the bounded pulse has not changed. . . 
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This paper proposed a modification to the Pulse Width Control technique by forcing the input pulse width to be coincident with an integral multiple of the sampling period. This, in conjunction with adaptation of the pulse aniplitude results in the PAPWC. To account for uncertainties in the estimated system parameters, an adaptation algorithm is used to estimate the coefficient of friction which is subsequently used by the PAPWC. Numerical simulations illustrate the significant reduction in the final position error.
